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ABSTRACT

The effects of Generalized Uncertainty Principle, which has been predicted by various theories of quantum gravity re-
placing the Heisenberg’s uncertainty principle near the Planck scale, on the thermodynamics of ideal Quark-Gluon
Plasma (QGP) consisting of two and three flavors are included. There is a clear effect on thermodynamical quantities
like the pressure and the energy density which means that a different effect from quantum gravity may be used in en-
hancement the theoretical results for Quark-Gluon Plasma state of matter. This effect looks like the technique used in
lattice QCD simulation. We determine the value of the bag parameter from fitting lattice QCD data and a physical in-

terpretation to the negative bag pressure is introduced.
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1. Introduction

Since various theories of quantum gravity predict essen-
tial modifications in the Heisenberg’s uncertainty princi-
ple near the Planck scale, We utilize the proposed gener-
alized uncertainty principle (GUP), which proved com-
patible with string theory, doubly special relativity and
black hole physics.

Recently, a new model of GUP was proposed [1-3]. It
predicts a maximum observable momentum and a minimal
measurable length. Accordingly, [xi 5 X J = [ Pis P ] =0
(via the Jacobi identity) results in.
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where @ =a,/M,c=q),/h and M c* stand for
Planck energy. M, and 7 is Planck mass and length,
respectively. ¢, sets on the upper and lower bounds to
a . Apparently, Equation (1) imply the existence of a
minimum measurable length and a maximum measurable
momentum
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where AX>AX, and Ap<Ap, . . Accordingly, for a
particle having a distant origin and an energy scale com-
parable to the Planck’s one, the momentum would be a
subject of a modification [1-3].

B = Py (1-ap, +227p; ), (4)

where X, =X, and p,; satisfy the canonical commu-
tation relations |:X0i, Poj ] =ih6; and simultaneously
fulfil Equation (1). Here, p,; can be interpreted as the
momentum at low energies (having the standard repre-
sentation in position space, i.e. p, =—ihd/0X, ) and
p; as that at high energies.

The proposed GUP is assuming that the space is dis-
crete, and that all measurable lengths are quantized in
units of a fundamental minimum and measurable length.
The latter can be as short as the Planck length [1,2]. In
order to support the idea of this procedure, we can men-
tion that similar quantization of the length (spatial di-
mensions) has been studied in context of loop quantum
gravity [4]. Furthermore, it has been suggested recently
[5] that the GUP implications can be measured directly in
quantum optics lab which seems to confirm the theoreti-
cal predictions [6-8].

Since the GUP apparently modifies the fundamental
commutator bracket between position and momentum
operators, then it is natural to expect that this would re-
sult in considerable modifications in the Hamiltonian.
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Furthermore, it would affect a host of quantum phenom-
ena, as well. It is important to make a quantitative study
of these effects. In a series of earlier papers, the effects of
GUP was investigated on atomic and condensed matter
systems [2,6-8], on the weak equivalence principle
(WEP), and on the Liouville theorem (LT) in statistical
mechanics [9]. For instance, it has been found that GUP
can potentially explain the small observed violations of
the WEP in neutron interferometry experiments [10-12].
Also, it can predict the existence of a modified invariant
phase space which is relevant to the Liouville theorem.It
seems that this approach accordingly modifies almost all
mechanical Hamiltonians. Therefore, it can be imple-
mented on studying the thermodynamics. In this paper,
we present a study for the impact of the GUP on Quark
Gluon Plasma (QGP). We calculate the corrections to
various thermodynamic quantities, like energy density,
pressure, equation of state and entropy.

This paper is organized as follows. In Section 2, we
review QGP, briefly. In Section 3, we investigate the
thermodynamics of QGP and estimate the impact of GUP
approach. We give our conclusions in Section 4.

2. Thermodynamics of Quark-Gluon Plasma

In this section, we briefly review the thermodynamics of
QGP consists of fermions. At finite temperature T and
chemical potential x , the grand-canonical partition
function z. for non-interacting massive fermions with
g internal degrees of freedom is given as [13]

H[ 2 exp [w]r 5)

1=0,1

2. =H{1+expwr ©)

k

where Kk is the momentum of the particle and | is the
occupation number for each quantum state with energy
E(k)=+k’+m’ . Here the infinite product is taken for
all possible momentum states.

Then the grand potential of a non-interacting massive
fermion gas in a vanishing chemical potential is

Q(T.V = 43 —E()
{0 ’O)ZQJ‘ dk3Tln l+e T | @)
Vo ()

The value of this integral reads [13]
Q (T V, O)
\Y
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with C=2y-3/2=-0.346, and y, the Euler constant,
defined as [13]

=\ k=1 n=2

y:lim(i&—lnnj S (1) () = 0.5772156649--

For simplicity we consider a non-interacting massless
fermion gas in a vanishing chemical potential. Then the
grand potential reads

0 E k 2
Q_ j Tln{1+exp ( )}:—gzn—T“
890

0

Therefore, pressure P and energy density, &, of
hadronic state can be deduced
7

PH =0y g_

39, LT s,
90 %

890

3. Thermodynamics of Quark-Gluon Plasma
with Effect of GUP

For a particle of mass M having a distant origin and an
energy scale comparable to the Planck’s one, the mo-
mentum would be a subject of a tiny modification and so
the dispersion relation would too. According to GUP-
approach, the dispersion relation in the co moving frame
reads

E* (k) =k’c* (1-2ak)+M?>c*. (8)
For simplicity we use natural units in which Z=c=1
and consider a massless pion gas

E(k)=k(1-2ak)".
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For large volume, the sum over all states of single par-
ticle can be rewritten in terms of an integral [14]

V 2 kidk
Zk:_>(27t)3'!; _'[ 1 ak (10)

Therefore, the partition function reads

v Tkz ln|:1+exp[—E_f_k)ﬂ . :_V_ngz ln[l+exp(—_||f(l—2ak)]/zﬂ N
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Copyright © 2013 SciRes. JMP



N. M. ELNAGGAR ET AL. 15

It is obvious that the first term in Equation (11)

vanishes. Thus
1| 1-3ak
vg i K T|(1-2ak)"”
Inz, =—_[
2n

“03(1-ak) exp(—'T((l mk)‘“)

dk.(12)

Let X=£(1—20:k)1/2 so that dX=lL&kl/2
T T (1-2ak)

and the integral becomes

el

Apparently, as we are interested in the terms contain-
ing the first order of a, so X can be approximated as
follows

(13)
1 ak N

k(l-ak
x= K (1 2aky < KOZK) (14)
T T
Then
k=xT +ak” = xT +a(x2T2 +2axTk? +a2k4). (15)
when ignoring higher orders of « ,
k= XT (1+axT). (16)
Then the partition function becomes
I+ aXT
Inz, Vg I x> 3& dx (17)

(1-axT) e +1°
It is apparent that the integral contains Maclaurin se-
ries, which are
1+axT)
%:1+6aXT +[+]e®X’T?
(1—axT) (18)
+[~--]a3X3T3 I

when ignoring terms containing o« with order >2,
then

Vg | Fo5 Xdx % x*dx
lnzF:—g{Jﬂ X+1+j6aT4ex_J. (19)
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The partition function is related to the grand canonical
potential, Inz. =-0Q/T, so we have

o 3 w0 4
2__ 94 T3deX+6 o[
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where | (O)j are Bose and Fermi integrals. Substituting

by the value of these integrals in (20) we have

Q s 45
—=- ——T -— —T 21
\ J 90 8 2 <) @1
Q T[z 7 4
—=—g——T"-ga,T’ 22
v 950%" 9% (22)
45a¢ (5) L
where a, =———. But the pressure is directly re-

lated to the grand canonical potential, P=-Q/NV , so we
obtain

5
=0,3 < 90T +g,a,T°. (23)
The energy density is related with the pressure by the
relation (&=3P) and the entropy density is given by
the derivative of pressure with respect to temperature T

7
v =39, §%T4+3gqa2T5. (24)

Taking into consideration the relevant degrees of
freedom, it is obvious that this set of equations, Equa-
tions (23) and (24), is valid in hadronic state.

Similarly, the grand-canonical partition function z
for non-interacting massive bosons with g internal de-
grees of freedom is given as

Inz, = H{ﬁ;exp(—l @Hg (25)

Inz, =H{1—expw]g. (26)

k

Then the grand canonical potential reads

Q n’ g
v el el
27)

2
=—g %T“ -gaT’

where @, =24a{ (5)/n” . The pressure is directly re-
lated to the grand canonical potential, P =-Q/V . Then,
in the hadronic phase

2

T
P, :g%T4+galT5. (28)
In a massless ideal hadronic gas, the energy density is
related with the pressure by the equation of state,
&, =3P, , and the entropy density is given by the de-

rivative of pressure with respect to temperature T

2
T
. =3g%T4+3galT5. (29)
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Now we will derive the QGP equation of state consists
of free massless quarks and gluons. The total grand ca-
nonical partition function of the hadronic matter can be
obtained by combining the grand partition functions
coming from the contribution of fermions (quarks), bos-
ons (gluons) and vacuum. It reads [15]

InZysp =InZ. +InZ; +InZ, (30)

QGP

where InZ.,InZ; and InZ, are the grand canonical
partition functions of quarks, gluons and vacuum respec-
tively. Since the value of vacuum partition function equals

InzZ, = —YI_—B , so Equation (30) becomes

InZyep =InZp +InZ, —\g. (31)

. . -Q
From Equation (30) and equation InZ = T we have

Q

\

Q Q
+_

\

Q
+_
\

(32)

QGP V gluons quarks vacuum

Substituting from Equations (21) and (28) into Equation
(32) we have

Q L 5 1y 5

v -0, %T -g,aT” -9, g%T -g,2,1°+B

7 n
:_(gg +§gqj%T4 —(ggot1 + gqocz)T5 +B.

Q
Thus, the QGP pressure P = BV reads

2

T
Poce = Jocp %T“ +(9,2 + 9,2, )T -B (33)

where goge =9, +%gq are the QGP degenercy. Then

the energy density reads

2
T
Eocp = 300cp %T“ +3(9,2 + 09,2, )T°+B.  (34)

4. Results and Conclusions

4.1. Comparison to Lattice QCD Simulations
with Massless Quarks

Generally, the value of pressure and the energy density
depends on the temperature, the degenercy and the bag
pressure. In this work, another factor added to them
which originating from quantum gravity effect. The sec-
ond term in Equation (23) which includes «, gives a
positive contribution to the pressure. As discussed in [12],
the exact bound state on o can be obtained by com-
paring with observations and experiments [16]. The

Copyright © 2013 SciRes.

gamma rays burst would allow us to set an upper value
for the GUP-charactering parameter « . We will take the
value of a~0.005GeV™"' which equals to the half
value that corresponding to the upper bound for «, [6].

This term give a good results with lattice QCD due to
the rapid increase contribution to the pressure. The bag
parameter, B, has more than one method to be deter-
mined. One of them based on fitting the pressure or the
energy density with lattice QCD. The problem appears
when one start from fitting the pressure function with
Equation (33), one obtains a good qualitative agreement
with lattice QCD results for admitting positive values of
the bag constant. The positive bag constant needed in
Equation (33) to fit the pressure leads, however, to an
incorrect behavior of energy density. The same situation
occurs when we start to calculate the value of, B, from
fitting the energy density with Equation (34), this gives
us a negative value of bag constant. Thus the value of, B,
depending on whether we start from fitting the pressure
or the energy density [17]. To overcome this problem, a
modification of bag model was introduced to solve this
problem [18]. In this technique, the fundamental ther-
modynamical relation between the pressure and the en-
ergy density is used which reads [14]

g(T):Tg—:—P(T). (35)

Since Equation (35) is a 1st order partial differential
equation, so if the energy density function known, then
the general solution of Equation (35) gives us an arbi-
trary integration constant which surely depends on tem-
perature. Then the new pressure function can be fitted
from lattice QCD results. In Refs. [17,18], this term had
a linear dependence on temperature and the bag model
carries the name (A-Bag model). This method was dis-
cussed at first time in Ref. [19]. For the energy density in
the form of Equation (34), i.e. GUP is included, the gen-
eral solution of Equation (35) reads

n’ 4,3 5
Pace = Jocp %T +Z(ggal +0,2, )T° =B+ AT . (36)

It is clear that beside the linear term, there is also an-
other term, which can be easily obtained from comparing

Equations (33) and (36), equals —((ggal +0,2, )T5/4) .

This term due to quantum gravity effect and gives a
negative contribution to the QGP pressure.

To get a good fitting, we will consider the suppression

2
T

factor of the Stefan Boltzmann constant oz =3gqgp 50"
The quasi-particle approach [20] is used. In this approach,
the system of interacting gluons is treated as a gas of
non-interacting quasiparticles with gluon quantum num-
bers, but with thermal mass (i.e. m(T)). The modified SB

constant o equals to [17]
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GIK(a)O'SB 37

where a has a direct connection with temperature and
the thermal mass. The expression (37) was used for all
T2>T, to keep the high temperature behavior of both
pressure and energy density in agreement with lattice
QCD. In Figure 1, the fitting of QGP pressure and en-
ergy density from Lattice QCD results [21] Using Equa-
tions (34) and (36). We take n; =2, Qg =37,

g,=24, g,=16, g, =8, [13], T,=0.150GeV and
a =0.005GeV™". The fitting of energy density gives us
the value of bag constant B=-4.4T' as shown in
Figure 1.

Since we take the chiral limit (m, =0), then the
dominant excitations in the hadronic phase is the mass-
less pions, while that in the QGP is the massless quark
and gluon. At extremely high temperature, the typical
momenta of quarks and gluons are high and the running
coupling (a,) becomes so weak due to asymptotic
freedom. Thus we can assume a free pion gas (free
Quark-Gluon) in the low (high) temperature limit as a
first approximation [13]. From the phase equilibrium
condition Py (T, )= Py (T, ), the critical point can be
obtained by equating Equations (28) and (36) at T,.
Substituting the value of B, we obtain the value of A
which equals A=—-6.76T. . Then Substituting the value
of A and B, we get the behavior of pressure showed
in Figure 2 which is in a quit good qualitative behavior
comparing with lattice QCD.

In Figure 3, the fitting of QGP pressure and energy
density from Lattice QCD results [21] Using Equations
(34) and (36). We take n; =3,0ue =47.5,9, =36,

g,=16,9,=8 [13], T, =0.150GeV and

a =0.005GeV™". The fitting of energy density gives us
the value of bag constant B=-5.15T as shown in
Figure 3.

Substituting the value of B, we obtain the value of A
which equals A=-8.42T . Then Substituting the value
of A and B, we get the behavior of pressure showed
in Figure 4 which is in a good qualitative behavior com-
paring with lattice QCD. The value of suppressed factor
in both cases (i.e. n, =2 and n, =3)eqals

x(a)=0.78.

4.2. Discussion on the Negative Bag Pressure

Since the bag pressure (vacuum pressure) is related
mainly to the confinement phenomenon of hadrons, we
need to discuss the picture of confinement. It is believed
that all strongly interacting particles are made of quarks
and gluons which are color charged. However, all ob-
servable physical states formed from them are color neu-
tral. This means that the true vacuum abhors color [15].
Any vacuum in which colored particles can exist as indi-
vidual entities and so move freely is called “perturbative
vacuum”. The difference between the perturbative vac-
uum and the true vacuum, in which we live, is the
amount of energy density in the regions of space [15]. In

10~

TGevV |

0.2 0.3

0.4 0.5

Figure 1. The solid curve gives the fitting of energy density normalized to T* from lattice QCD results for two flavors

nf=2.
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p/T*

T GeV

0.0 0.1 0.2

0.4 0.5 0.6

Figure 2. The solid curve gives the pressure normalized to T* comparing with lattice QCD results for two flavors n,=2.

T GeV

0.2 0.3

0.4 0.5

Figure 3. The solid curve gives the fitting of energy density normalized to T* from lattice QCD results for three flavors

nf:3.

the true vacuum, color-charged quarks and gluons are
confined but under extreme conditions of temperature
and density, a transition to a deconfinement state of mat-
ter is possible. This picture of hadronic interactions is
consistent and justifies the perturbative approach to QCD
interactions. This allows us to describe hadrons as “bags”.
So, we need to melt the confining structure to able to

Copyright © 2013 SciRes.

move color charges within a region of space. For a
first-order phase transition, the two phases have a differ-
ence in energy density, the latent heat per unit volume, B,
equivalent to (gQGP —gHG) [15]. According to the cal-
culated frame work, which was proposed by Bololiubov,
independent quarks confined by a static Lorentz-scalar
potential with infinite walls was considered. Thus, it was
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Figure 4. The solid curve gives the pressure normalized to T* comparing with lattice QCD results for two flavors n,=3.

understood that the confining potential does not originate
from quark-quark interaction, but it arises from the re-
pulsion of colored quarks by the structured QCD vacuum
state [22]. The positive value of bag pressure is coming
from the difference in energy density between the QGP
and the Hadronic states of matter. The negative value of
bag pressure, in our opinion, may be understood by con-
sidering the simplest imagination of QGP formation, in
which the bag surface is compressed towards the bag
center and so it always reduce the diameter of the bag.
Thus the negative sign is not a numerical value to the bag
pressure, but it has a physical interpretation. Although
we tried to fined a physical origin to the negative bag
pressure, it still needs more study.

4.3. Conclusion

In this paper, the effects of Generalized Uncertainty
Principle, which has been predicted by various theories
of quantum gravity replacing the Heisenberg’s uncer-
tainty principle near the Planck scale, on the thermody-
namics of ideal Quark-Gluon Plasma (QGP) consisting
of three massless quark flavors is included. There is a
clear effect on the thermodynamical quantities like the
pressure and the energy density which means that a dif-
ferent effects from quantum gravity may be used in en-
hancement the theoretical results for Quark-Gluon
Plasma state of matter. This effect looks like the techniqge
used in lattice QCD. We determine the value of the bag
parameter from fitting lattice QCD data and a physical

Copyright © 2013 SciRes.

interpretation to the negative bag pressure is introduced.
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